Introduction
A graph of an equation of the form y 
1.3
The function g : R → R given by g x : ax 3 bx c is a particular solution of 1.1 , and the function g : R → R given by g x : ax 2 b is a particular solution of 1.2 . The function f : R × R → R given by f x, y : x 3 ax b − y 2 is a particular solution of 1.3 . The functional 1.3 is a mixed type of 1.1 and 1.2 .
Problems on solutions or stability of various functional equations have been extensively investigated by a number of mathematicians 3-12 . In this paper, let X, Y, and Z be real vector spaces. We find out the general solution and investigate the stability of 1.2 and 1.3 .
Solutions
We find out the general solution of the functional 1.2 as follows.
Lemma 2.1. A mapping g : X → Y satisfies 1.2 if and only if there exists a symmetric biadditive mapping
Proof. We first assume that g is a solution of 1.2 . Let h : X → Y be a mapping given by h x : g x − g 0 for all x ∈ X. Then, h 0 0 and
for all x, y, z ∈ X. Putting x y 0 in 2.2 , h is even. Replacing z by x y in 2.2 ,
for all x, y ∈ X. Taking z x in 2.2 , we get that
for all x, y ∈ X. Interchanging x and y in 2.4 , we see that
for all x, y ∈ X. By 2.3 , 2.4 , and 2.5 , we obtain that for all x, y ∈ X. Letting y x in 2.6 , we get that
for all x ∈ X. By 2.6 and 2.7 , we obtain that
for all x, y ∈ X. By 13 , there exists a symmetric biadditive mapping S :
Conversely, we assume that there exists a symmetric biadditive mapping S :
for all x, y, z ∈ X.
Example 2.2. Let r/s be a rational number, where r and s are integers with gcd r, s 1. Define H r/s : max{|r|, |s|} and g r/s : log H r/s . Let Q be the set of rational numbers and let
ax b} be an elliptic curve over Q. The addition in E Q is given in 1 . The height function h :
is a solution of 1.2 .
We find out the general solution of the functional 1.3 as follows. for all x ∈ X and all u, v, w ∈ Y . Setting v w −u in 2.17 and using 2.16 ,
for all x ∈ X and all u ∈ Y . Taking v −w −u in 2.17 and using 2.16 ,
for all x ∈ X and all u ∈ Y . By 2.18 and 2.19 , k x, u k x, 0 k 0, u for all x ∈ X and all u ∈ Y . Hence, we obtain that
for all x ∈ X and all y ∈ Y . for all x ∈ X and all y ∈ Y . In fact,
for all x, y, z ∈ X and all u, v ∈ Y
Stability
From now on, let Y be a Banach space, and let ϕ : X 3 → 0, ∞ be a function satisfying ϕ x, y, z :
Lemma 3.1. Let g : X → Y be a mapping such that
for all x, y, z ∈ X. Then, there exists a unique quadratic mapping G :
Proof. Letting x y 0 in 3.2 , we have
Replacing z by x y in 3.2 , we get
for all x, y ∈ X. Taking z x in 3.2 , we see that
for all x, y ∈ X. Interchanging x and y in 3.6 , we see that
for all x, y ∈ X. By 3.5 , 3.6 , and 3.7 , g 2x 2y − 2g x y − g 2x − g 2y for all x ∈ X. So, for all x ∈ X and all j. For given integers l, m 0 ≤ l < m , we get 1
